Abstract
Introduction
In recent years, the study of symmetries has attracted the attention of the computer graphics and computer vision communities. It is mainly due to the fact that the symmetry may facilitate the computational understanding of visual representations, and hence it could give support to high level tasks such as recognition. In particular, the detection of symmetries in 3D geometry has a special interest since it is the first step in the analysis process, and therefore it needs to be conducted effectively and efficiently.
There are many proposals to tackle the problem of symmetry detection under the assumption that the complete object is available for analysis. This assumption is strong and may not hold for real applications in which a certain degree of missing geometry may be evident. For example in archaeology, scanned pieces could have been under deterioration for long time, or simply some portions are missing. Therefore, it is imperative to devise algorithms for the detection of symmetries taking into account the possible partiality of the input object.
Clearly, the problem of detection of symmetries in partial data is not trivial. The main difficulty is that in presence of partiality, the center of mass of the input shape does not correspond to the center of mass of the real complete object. Additionally, we do not know a priori the amount of geometry that is missing, making the problem very hard. In this paper, we propose a method to detect symmetries in shapes with missing geometry. Our algorithm is based on a careful design of two procedures that jointly work to detect approximate global symmetries. The first component consists of the definition of a new surface function based on a heat diffusion process. This function characterizes local protrusions and allows us to select reliable points to find symmetric correspondences. The second component is a partialityaware vote-based approach to validate the initial symmetric correspondences over which a final set of symmetries is detected. Moreover, we evaluate the robustness of our method in a challenging application: the symmetry-based repair and completion of cultural heritage objects.
The paper is organized as follows. Section 1.1 lists the contributions of our research. Section 2 discusses the literature related to our work. Section 3 presents an overview of our proposal. Section 4 defines our diffusion-based function and discusses its behavior. Section 5 presents our partialityaware vote scheme for validation of symmetries. Section 6 details our experiments and results, and also presents an application of our algorithm to repair and completion of cultural heritage objects. Finally, Section 7 draws our conclusions.
Contributions
The contributions of our paper can be summarized as follows:
• We propose a new diffusion-based feature that conveys a balanced characterization of globality and locality. Globality is necessary to find symmetric correspondences and locality is important to be robust to partial data. Potential symmetry planes are defined from local maxima of the new feature function.
• We propose a partiality-aware voting algorithm to validate the potential symmetry planes. Our algorithm computes a support for a plane in which the votes are expected to be consistent. Also, we propose a set of rules for discarding inconsistent votes.
• We present a novel application in the context of cultural heritage. We develop an algorithm to synthesize missing parts of reassembled objects using the knowledge obtained for our symmetry detection method.
Related Works
The study of symmetries has proliferated considerably in recent years in the computer graphics community, giving as consequence many proposals to tackle the problem of detection. A comprehensive enumeration of these techniques is out of the scope of this paper. Instead, we focus our discussion on methods related to global reflectional symmetries. For readers interested in an overall panorama on 3D symmetry, we recommend the survey by Mitra et al. [MPWC13] .
A common approach is the evaluation of symmetries as a measure function. In their seminal work, Zabrodsky et al.
[ZPA95] proposed a symmetry measure based on the exhaustive search in the rotational transformation space. In this direction, Kazhdan et al. [KFR04] ] proposed to evaluate the symmetry by comparing volumes through an angular difference function which can be efficiently computed using the 3D Pseudo-polar Fourier Transform. Analogously, Kakarala et al. [KKP13] described an optimization method that detects symmetry planes which can be interpreted as a linear phase in the spherical harmonic domain. More recently, Korman et al. [KLAB14] proved an upper bound on the sampling density of the transformation group which guarantees to find symmetries with high probability. An obvious limitation of all these techniques is the assumption that the center of mass of the object is a fixed point of the transformation space. Nevertheless, this is not the case when the object is incomplete, where the center of mass is to be shifted.
Another interesting approach to detect symmetries is the vote-based scheme as proposed by Mitra et al. [MGP06] . The idea behind this approach is the use of selfcorrespondences that may convey evidence about the existence of symmetries. For instance, Mitra et al. [MGP06] proposed to match points with high curvature. Each pair of points induces a transformation which is stored as a highdimensional point. A final clustering step in this space can provide the more frequent transformations which derive into symmetries. Similarly, Lipman et al. [LCDF10] developed a voting algorithm that selects the best transformation as possible for random pairs of points. The best alignment is stored in a symmetric correspondence matrix and its spectral decomposition is exploited to detect symmetries. proposed an algorithm to find intrinsic symmetries in point clouds by using the curve skeleton. A set of filters produces a good set of symmetric correspondences which are finally verified with spectral analysis. Although these two proposals showed results for partial data, the amount of missing geometry is small. In contrast, our approach is designed keeping in mind the existence of large missing parts, turning more challenging the problem to solve.
Overview
The core of our paper is the detection of symmetries in shapes with missing geometry. Before going into the details, our intention is to provide a clear scope for our method. According to the classification provided in [MPWC13] , our method is intended to detect global, approximate and extrinsic symmetries. It is global because the entire object is involved in the symmetry evaluation. It is approximated in the sense that the detected symmetries are not guaranteed to be the exact symmetries. And it is extrinsic because we only focus in rigid objects. Moreover, in light of these observations, we characterize the symmetries through planes in the 30 space. That is, in this paper we only consider reflectional symmetries. Therefore, our problem can be stated as the detection of reflectional syrurnetry planes.
The main problem is that we cannot assume that the center of mass of a given object lies in a symmetry plane due to the missing geometry. Obviously, this is the reason about why to use a vote-based approach in our context. However, the missing geometry complicates the voting process because a point sampling based on simple local features (such as curvature, for instance) could not cover the surface properly.
Our method operates in two stages that try to attenuate the limitations imposed by the partiality. First, we aim at detecting a few reliable features that are effective to find symmetric correspondences and robust to missing data at the same time. We propose a new feature based on the heat diffusion on manifolds which will be proven to be effective to define local diffusion behaviors. More interestingly, pairs of matched points could give rise to potential symmetry planes.
Second, the potential symmetries require a validation in order to compute the final set of planes. We propose a votebased algorithm that is aware of the partiality. For a potential symmetry plane, we analyze the influence of the partiality in the validation process. We develop the concept of symmetry support for a plane in order to look for evidence for this plane to be a symmetry. A graphic overview of our method can be seen in Fig. 1 .
Multi-scale Local Features
The first step of our algorithm is the detection of robust local features. ln order to use these features for symmetry detection of partial data, we must bear in mind two important aspects. First, the features need to preserve a certain degree of global awareness in order to enhance the matching of symmetric points. It would reduce the number of false positive matches, and therefore also the number of candidate symmetry planes. Second, the features need to characterize the local geometry in a local enough way so that it is possible to deal with the missing data. Although both requirements seem to be conflicting, we believe it is possible to formulate a balanced characterization to take advantage of both aspects.
Our formulation is built on top of the theory of heat diffusion on manifolds. The beat diffusion process over a compact manifold M , possibly with boundary, is governed by the beat equation
where ~M is the Laplace-Beltrami operator of M and u (. ,t ) is the heat distribution over M in timet.
The fundamental solution of the heat equation is K, (x ,y ) called the heat kernel. This represents a solution with a point heat source in x and can be considered as the amount of beat transferred from x to y at time t supposing that the heat source is x. For compact manifolds, the heat kernel can be expressed using the eigenvalues and eigenvectors of the Laplace-Beltrami operator as follows:
where ' A.i is the i-th eigenvalue and vi(·) is the i-th eigenvector's entry corresponding to a given point.
It is well known that the heat kernel is isometric invariant, multi-scale, and stable against perturbations on the surface. In addition, restricting the beat kernel to tbe temporal domain and fixing the spatial variables, we can obtain a representation for each point on the manifold [SOG09]:
Tbe value h(x,t) can be interpreted as the amount of heat that remains on the pointx after timet. This interpretation suggests that points with high values of h for large values of t can be considered as keypoints. However, the use of high values oft is associated with a global behavior, which is not desired in our context. On the other band, we could conversely evaluate h (x, t ) in low values of t , but this would make it sensitive to local perturbations. In order to give a balanced characterization and robustness, we propose a new function 'H.(x, t ) : M x R+ -+ Ron the surface as follows
The function 'H.(x,t ) associates the accumulation of heat up to time t to each point in the surface x. The intuition behind our formulation is that for low values of t, the accumulation in different times provides robustness to local perturbations, while still providing a global behavior. More formally, the evaluation of the integral in 4 yields (5) Tbe final result can be expressed in a simplified form as A.; ,t )v;(x) . The most important point to remark is that t controls the infiuence of the eigenfunctions in the computation of 'H.(x , t ) according to the magnitude of their corresponding eigenvalues. Figure 2 illustrates the behavior of our proposed filter compared to the low-pass filter used in the computation of HKS. As comparison, we can refer to the curves at t = 0.2, where the attenuation of our tilter is notorious in small frequencies compared to the values for a low-pass filter. In addition, our filter presents a better distribution of values in all frequencies, compensating the exponential decay in the case of a low-pass filter. This can be traduced in a more balanced behavior with a good trade-off between globality and locality. This is also the explication of why our feature is multi-scale. Figure 3 shows the result of computing our feature. The function 1i(x,t ) is useful to identify local maxima which correspond to points with a high accumulation of local heat In our example, it is clear that these points can be used to evaluate the symmetry, even when a considerable part of the geometry could be missing. Also as an example, note how our method is able to detect repeatable local structures, which is a desired property to take into account in matching in general.
For our symmetry detection algorithm, once we have computed the function 1i(x ,t ) for every point in the mesh, we select the local maxima in the 2-ring neighborhood. For all our experiments, t is set to 0. 01 of the surface area.
Vote-based Symmetry Detection
The second step of our algorithm is the detection of symme· try planes. Let S = { s 1 , s2 , ... , sn} be the set of points detected in the previous stage. Points in S could be evidence of the existence of symmetries, so the matching between them is useful to generate good symmetry hypotheses. For this reason, we consider pairs of points in S as generators of our candidate planes. Let s; and s j be two points inS with i :f= j. These points define a unique plane as the set of equidistant points to both points. We define a plane with the coefficients 
That is, Pij is a candidate plane if 11i(s;,t) -1i(sj,t)l ~ p.
An important detail about the computation of the symmetry plane is the orientation of the plane. Given a pair of points, there are two planes (with opposite directions) that represent the bisector plane. In order to deal with this, we agree to always take a pairs; and Sj such that i < j.
The next step consist of accumulating more evidence for each candidate plane in order to validate whether it is a real symmetry plane or not. For this purpose, we use the curvature in each point on the surface to produce a voting system In this point, it is necessary to use the information of the candidate plane as well as taking into account that the input shape can have missing data. More specifically, if we assume Pij as a symmetry plane of a partial mesh, it is expected that the amount of geometry on either side of the plane differs considerably. For this reason, we propose to compute a support for the analyzed candidate plane. The support consist of two planes parallel and equidistant to Pij such that the part with less geometry is completely contained in this support. To compute the support, it is enough to compute the distance to the parallel planes and use it as reference to the following steps. Having the plane coefficients P;j = [abc d), the signed distance of a point v E M is defined as distP;i ( v) = avx + bvy + cvz +d. The plane support is finally computed as
The support is important to filter the points that will be used to vote for a plane. Our selection of samples to vote is based on a simple rule that uses the curvature and the support Given a plane Pij . the samples to vote for it are the vertices v on the mesh such that ( (Pij) . where K1 and K2 correspond to the maximum and minimum curvature, respectively. In all our experiments, we set o to 0.01.
Subsequently, every pair of sample points is tested for evidence of the plane Pij. Let us illustrate the ideas behind these tests before formally defining them. Figure 4 shows a 20 version of our problem. After generating the potential plane and its support, we are interested in evaluating certain characteristics of the voting pairs. For example, some interesting characteristics would be the consistent distance to the plane, the normal consistency, the angle formed by the plane normal and the segment between the voting pair, just to name a few. For example, in Figure 4 , the lower pair fulfills all the aforementioned characteristics, and therefore this pair is a good evidence that the plane could coincide with a sym- metry plane. In contrast, the upper pair is not consistent in distance, normals and angles, hence it can be rejected from the analysis for the evaluated plane.
In our algorithm, given two sample points v q and vr, we test the following criteria in order to ensure that the pair is a real evidence:
• Both sides of the plane. Points should be in different sides of the plane. That is, the pair is rejected if sign(dist Pij (vq)) = sign(dist Pij (vr)).
• Coherence on plane distance. Points should be approximately at the same distance from the plane. That is, the pair is rejected if
• Orientation to plane. Points should be disposed in such way that they form a line orthogonal to the plane as much as possible. That is, the pair is rejected if
• Consistency of normals. Normals of points should also be symmetric. Here we only consider the consistency of directions. For instance, if the normal of point vq is outward the plane P i j , the normal of vr should also be outward P i j . Therefore, the pair is rejected if
• Geometric similarity. Points should have a similar characterization. That is, points are rejected if
|H(vq,t) − H(vr,t)| > ρ.
If a pair of samples vq and vr passes all test for a plane P i j , the consistency of the tests can be used to compute a weight which can be accumulated as evidence of symmetry for P i j (w(P i j ) = 0 before running the algorithm). Formally,
where w d , wn and ws are respectively related to distance, normal, and similarity consistency, and are defined as
Once the votes have been computed, we can use them to determine the plane or a set of planes depending on the application. In our results, we specify the selection rule for each shown example. Furthermore, in all our experiments, the thresholds for the test are set to θ = 0.1× the diagonal of the bounding box, α = π/18 and ρ = 0.4.
Results and Applications
In this section, we present the results of our method and its application in the context of cultural heritage.
All our experiments were performed on watertight triangular meshes. We compute the Laplace-Beltrami operator using the approach of Belkin et al. [BSW08] and use only 300 eigenvalues and eigenvectors. For the computation of H(x,t), we discard eigenvalues equal to zero and their corresponding eigenvectors. For the computation of principal Our first result shows the robustness of our method to missing geometry. Figure 5 depicts the detection of the symmetry plane in shapes with varying degree of missing data. In the case of the armadillo, we performed a boolean operation to gradually remove some parts. Interestingly, the detected symmetry plane remains approximately unchanged, despite the degree of partiality. On the other hand, for the human shape we removed approximately half of the shape with a boolean operation as well. For this example, our feature is still able to detect reliable local points in the head and ears, which leads to a good detection after the voting algorithm. For the results in Fig. 5 , we selected the plane with the highest accumulated weight (see Eq. 9). Also, in order to test the reliability of our method to very large missing parts, we removed a large part of the Armadillo model and detect the symmetry plane (the result can be seen in Fig. 6 ). Note that we have removed geometry in both sides of the symmetry plane. This result demonstrates that our method can reliably combine the local feature detection and the support computation to detect symmetry planes in severe damaged objects.
An interesting and particular case is shown in Figure 7 . The cake shape corresponds to a reassembled object from pieces, so there is missing data specially in regions with fractures. For this experiment, we applied a Poisson reconstruction [KBH06] to the aligned fragments in order to obtain a watertight mesh. Moreover, the object presents a rotational symmetry, which means that there are many symmetry planes. In this case, we noted that every potential symmetry plane obtained a high weight, and hence we decided to select the planes with a weight above 0.8 of the maximum weight. As can be seen, for similar cases, our method could be used to detect symmetry axes (the intersection of planes) as well.
More results are presented in Figure 8 . The objects in this experiment were also obtained by a Poisson reconstruction of reassembled pieces. For the first example (gargoyle), we aimed at evaluating whether our algorithm is robust to the level of detail. The low resolution mesh was obtained with a Poisson reconstruction in 6 octree levels and the high resolution was obtained with 10 octree levels. We can observe that our method was able to detect the approximate symmetry plane regardless of the resolution of the model. This fact can be attributed to our feature detection algorithm, which is still useful to detect local protrusions in low resolution models due to the use of accumulation of local heat distribution. On the other hand, the head model is a challenging shape because it contains smooth regions as well as a very local repeatable pattem In addition, it also presents missing ge· ometry which can be observed at the top of the head Still, our method was able to handle the surface variations, mainly due to the robust detection of the pattern which induces the symmetry.
Completion of Cultural Heritage Objects
Our previous experiments have shown the effectiveness of our algorithm to detect symmetry planes. In this section, we present a challenging application that can take advantage of our results. The idea is to use the detected approximate symmetry planes to repair or complete (in some degree) the missing geometry of scanned cultural heritage objects. This scenario is useful to eventually repair the real object using the computational model as guidance or use recent advances in 30 printing to produce a repaired replica for exhibition.
The data obtained for this application belongs to the Nidaros Cathedral in Trondheim, Norway. Each piece was individually scanned and subsequently the fragments were aligned using a reassembly algorithm (similar to [HFG*06] ). Next, we performed a Poisson reconstruction to obtain a watertight mesh that represents the reassembled object.
After detecting the approximate symmetry planes, it is possible to do the reflection transformation to synthesize missing geometry. However, since the symmetries are approximate, the reflection does not necessarily match the object with itself. For this reason, a final local registration (an iterative re-weighting variant [RLOl] ) step is performed to completely align the object with its symmetric counterpart. Figure 9 depicts a column base that contains two welldefined symmetry planes. In this case, we use the rule about preserving all the planes with weight above 0.8 of the maximum weight. As can be observed, our algorithm approximately detects the two symmetry planes. The result of applying the reflection and the local registration is also shown. The original shape and its symmetric are shown overlapped, with the colored being the result of the transformation. Note that this method allows us to recover some features that are lost in the original object due to fractures.
A more challenging shape is presented in Fig. 10 . For this case, our algorithm detected three symmetries which are related to the three sphere-like local protrusions in the shape. Here we show three possible completions performed for each symmetry plane detected In particular for this shape, our method takes advantage of the careful design of the two stages of our algorithm. For example, our feature detection stage selects symmetric points as can be seen in Figure 3 thanks to the balanced characterization of globality and locality. Also, the third symmetry plane may only be detected if we focus the voting scheme to the region determined by the plane support. Otherwise, there would be a Jot of spurious votes making difficult the correct detection. It is worth to mention that the three symmetry planes correspond to the only three planes that remain after the selection of the generating points and the voting scheme.
Limitations
Our method is based on the ability of finding good candidate features. For this reason, our method is not suitable for feature-less shapes. In addition, if it is not possible to recognize at least a pair of symmetric features, the method could not compute candidate planes. Moreover, in feature- less shapes the voting scheme could not work due to the fact that it is based on high-curvature points. Nevertheless, we believe that our method may perform well in most of shapes in real applications as shown in the completion of cultural heritage objects.
Conclusions
In this paper, we presented an algorithm to detect symmetry planes in objects with partial data. Our method is composed of two stages: the feature detection and the vote-based validation. We proposed a new multi-scale diffusion-based surface function which exhibit a good trade-off between locality and globality. This balance has proved to be effective to select points in local protrusions and their symmetric correspondences. This fact facilitates the generation of the initial set of planes which can be considered as hypotheses that need to be validated. Precisely, the reliability of the potential planes is well complemented with the second stage where we aimed at building a voting system for validation. The definition of the plane support and the verification rules guarantee the reduction of false positive votes. As consequence, the combination of reliable multi-scale features and a partialityaware voting scheme have proven to be effective to deal with the problem of missing geometry. In the future, we plan to extend our approach to detect intrinsic symmetries. Furthermore, we also plan to focus the attention in symmetries with respect to axes (1 0 ) unlike the current proposal that only utilizes symmetries with respect to planes (20 ) .
